We show an exact (i.e. no smooth error terms) Fourier inversion type formula for differential operators of order less than 3 over Riemannian manifolds. This provides a coordinate free approach for the theory of pseudo-differential operators.
Intrinsic symbolic calculus was pioneered by Widom [Wid1] , [Wid2] and has received contributions from Fulling-Kennedy [Fu-Ke] . In this works the authors produce Fourier type inversion formulas over Riemannian manifolds. Our concern is that all this formulas presents (smooth) error therms. Such therms can be very tedious when one has to consider intrinsic type computations over such manifolds. On the other hand exact (i.e. no smooth error terms) inversion formulas allow to simplify the proof of the Atiyah-Singer index theorem for the Dirac operator on a spin manifold (see [Get] ).
We show now our version of the Fourier inversion formula over manifolds. We will limit our statement to second order operators despite the fact that we expect the result to be true for arbitrary high orders. The issue for an arbitrary high order statement is a representation formula for symmetric covariant derivatives that requires a rather technical proof. However our future applications to differential operators concern only the second order. We introduce at this point our set-up.
Let (X, g) be a smooth Riemannian manifold and let (E, h E ), (F, h F ) be two smooth hermitian vector bundles over X. We assume that E is of the complexification of a vector bundle of the type S λ T X ⊗ Ê S µ T * X , where S λ denotes a Schur power indexed by λ and h E is the sesquilinear extension of the metric induced by g. We will denote by ∇ g the induced connection over the bundles
Definition 1 A differential operator A of order p over (X, g) acting on the sections of bundle (E, h E ) with values in the sections of (F, h F ) is a linear map
With this notations we can state our Fourier inversion formula over Riemannian manifolds.
Theorem 1 For all points x ∈ X let D x ⊂ T X,x be the connected component of 0 x such that the map exp g,x : D x −→ X Cutlocus(g, x) is a diffeomorphism and let τ E x : E |D x −→ E x be the parallel transport map of the fibers of E along the geodesics raising from the point x. Assume that A :
where
Proof We observe first of all that a basic fact about the Fourier transform in Ê n implies directly that the function
belongs to the Schwartz space S(T * X,x , E x ). Therefore the integral in the statement makes sense. Furthermore the Fourier inversion formula shows that for any function U ∈ S(T X,x , E x ) hold the identity
Let now U be the extension by 0 over T X,x of the function
We deduce
. This shows the case A = Id. We show next the case of first order operators. Let η ∈ C ∞ (X, T X ) and set for notations simplicity η x := η(x). We apply (0.1) to the function U obtained extending by 0 the function
The identity (0.1) implies
Integrating by parts we infer
On the other hand we observe the identities
We deduce the first order Fourier type inversion formula
We show now the following basic second order Fourier type inversion formula. Let η 1 , η 2 ∈ C ∞ (X, T X ) and set η := η 1 ⊗ η 2 + η 2 ⊗ η 1 . For notations simplicity we set η k,x := η k (x), k = 1, 2 and η x := η(x). Then
Notice the identity (2πiλ) 2 ¬η x = 2(2πi) 2 (λ · η 1,x )(λ · η 2,x ). In order to show this inversion formula we consider the function
Using the identity (0.1) we obtain
A double integration by parts yields
Then the required inversion formula follows from the identity
and from the differential identity
that we will prove next. At this point the general statement in the theorem follows immediately.
Proof of the identity (0.2). Let (x 1 , . . . , x n ) be geodesic coordinates centered at the point x ≡ 0, i.e the coefficients of the metric admit the expansion
We divide now the proof in a few steps. STEP I. (Local expression of the symmetrised second order covariant derivative.)
We expand the Christoffel symbols
associated to the Levi-Civita local connection form Γ = (Γ k i,j dx i ) k,j . We observe indeed the expressions
and thus using the symmetries of the coefficients R i,p,q,j we obtain
We infer the symmetry identity at the origin of the coordinates
We denote by DΓ = (dx i ⊗ dΓ k i,j ) k,j . Then () implies the symmetry identity at the origin
for all ξ, η ∈ T X,x . Let Γ * be the local connection form of T * X with respect to our geodesic coordinates. Then the identity Γ * ξ = −(Γ ξ )
T implies that the analogue of the identity (0.4) hold also for Γ * . Let now ϕ, ψ be local frames of some Schur powers S λ T X or S λ T * X in a neighborhood of the origin and let Γ ϕ and Γ ψ the corresponding local connection forms, i.e ∇ g ϕ = ϕΓ ϕ and a similar relation for ψ. We observe now that the connection form of the product frame ϕ ⊗ ψ ≡ (ϕ i ⊗ ψ j ) i,j is given by the formula
This last expression combined with the identity (0.4) shows that the local connection form Γ E of the bundle E satisfies also the analogue of the identity (0.4). Let e be a local frame of E in a neighborhood of the origin of the coordinates and write u = eU . Then
The pointwise nature in η of the identity (0.2) allows us to assume that η k , k = 1, 2 are with constant coefficients with respect to the geodesic coordinates. Then at the point x hold the identities
Using (0.4) for Γ E we deduce the identity
(Third order expansion of the exponential map.) Let γ(t) := exp x (tξ) and observe that the geodesic equation ∇ g,γγ ≡ 0 with initial data γ(0) ≡ 0,γ(0) = ξ is equivalent to the ODE system
Using the expansion (0.3) we obtain
We deduceγ(0) = 0 and
We infer the expansion
and thus
with respect to our geodesic coordinates. STEP II. (Second order expansion of the parallel transport map.) In this step we will obtain a second order Taylor expansion of the map
For this purpose we observe that the parallel transport equation On the other hand time deriving the system (0.7) we obtain
(exp g,x ((1 − t)ξ))V (t)
− Γ Performing a second order time deriving the system (0.7) we obtain d 3 V dt 3 (t) = O(|ξ| 3 )(t).
